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Prescribed Performance Control of Uncertain
MIMO Nonlinear Systems With Coupled
and Constrained Inputs
Athanasios K. Gkesoulis*, Haris E. Psillakis*, George C. Karras"', Member, IEEE,
and Charalampos P. Bechlioulis™, Senior Member, IEEE
Abstract—This letter addresses prescribed performance nonlinearities, ~ parametric  uncertainty, or  bounded

control (PPC) for uncertain multi-input multi-output (MIMO)
nonlinear systems subject to saturated and coupled inputs.
The proposed controller requires no model parameter
knowledge and is of low implementation complexity, i.e.,
no regressors, observers, or approximation structures are
utilized. We derive explicit feasibility conditions linking
saturation levels to performance envelopes, system param-
eters, gains as well as disturbances, and effectively extend
the low-complexity results on prescribed performance con-
trol with input saturation to the case of input coupling.
Boundedness of all closed-loop signals and prescribed-
performance tracking are established. A planar two-link
manipulator simulation validates the approach.

Index Terms— Robust adaptive control, constrained con-
trol, uncertain systems.

|. INTRODUCTION
ONLINEAR systems with partially or completely
unknown  dynamics, arising from unmodeled
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disturbances, are ubiquitous in practice. For such systems,
PPC [1] and funnel control (FC) [2] provide frameworks
that guarantee strict transient and steady-state specifications,
such as bounded overshoot, prescribed convergence rate,
and settling-time targets, by encoding performance a priori
through designer-chosen, time-varying envelopes. PPC
and FC enforce these envelopes without detailed model
knowledge, offering robustness against nonlinearities and
disturbances.

In many practical systems, however, the presence of input
constraints introduces significant challenges for achieving the
desired control objectives. Actuator saturation due to physical
limits, safety constraints, or energy restrictions can compro-
mise tracking performance and even jeopardize stability if
not properly addressed. The problem of controlling nonlinear
systems under input limitations has therefore received long-
standing research attention, leading to numerous adaptive and
robust control methods designed to compensate for saturation
effects [3], [4], [5], [6], [7]. To address input limitations
within the prescribed performance framework, various PPC-
and FC-based strategies have also been developed for uncer-
tain nonlinear systems with input constraints. These include
adaptive gain FC formulations for nonlinear [8], [9] and linear
[10] systems, bang-bang FC controllers [11], [12], disturbance-
regularity-based PPC formulations [13], saturation-tolerant
PPC schemes for systems with bounded control gains, either
employing fuzzy approximation and auxiliary dynamics to
compensate for saturation effects [14], [15], or requiring
large saturation levels to avoid saturation [16], designs
that adaptively relax performance envelopes under satura-
tion [17], [18], [19], [20], [21], [22], switching-based PPC
approach [23] and PPC approaches that utilize neural or
fuzzy approximation [17], [24], [25]. However, most of
these methods either rely on model-dependent structures or
employ complex approximation mechanisms such as neural
networks and fuzzy schemes, complicating the implementa-
tion. Notably, only a few of them are of low implementation
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complexity [8], [9], [10], [11], [12], [18], [19], [20], [21], [22],
[23], [26].

Among the aforementioned low-complexity PPC and FC
designs for unknown nonlinear systems with input satura-
tion, only [9], [19], [20], [22], [26] address MIMO systems.
Relative degree one systems are considered in [9] and a two-
funnel approach is proposed, where the outer funnel provides
stability when saturation occurs. A two-funnel approach is
also proposed in [22], where the outer funnel is dynamically
adjusted to render input saturation feasible. In work [19],
flexible adaptive performance envelopes are introduced, that
degrade the performance requirements when the input sat-
urates to ensure their feasibility under saturation, while in
[20] and [26] reference modification mechanisms are utilized
that properly modify the reference trajectory when the input
saturates rendering the modified trajectory tracking problem
feasible under input saturation. Among the aforementioned
works, only [19], [22] consider arbitrary relative degrees and
coupling between the inputs. However, the guaranteed tracking
performance of [26] is better than those of [19] and [22].
Specifically, in [19] and [22] the tracking error, when the
input saturates, is O (|24]), where Au := sat(u) — u is the
discrepancy between the saturated and requested control effort
and 0 < |e|] < 11in [19] and O < |e| < 1 in [22], while in [26]
the tracking error is O(|Au|). In work [20], the tracking error
is in the classical prescribed performance control sense, with
a theoretical lower bound for the input saturation level that
coincides with the ones derived in [19] and [26]. However, in
practice, the enhancement in performance guarantees is traded
off with a larger required saturation level.

The consideration of coupled inputs is of practical and
theoretical importance, as it naturally arises in mechani-
cal and robotic systems, where actuator interactions are
introduced through the system inertia matrix. Extending the
low-complexity PPC schemes of [20] and [26] to the general
MIMO case with input coupling is nontrivial. The principal
difficulty stems from the fact that both the invariant set and the
Lyapunov function constructions employed in [20] and [26]
rely critically on decoupled input channels. When the inputs
are coupled, these constructions cannot be directly extended,
as the saturation of one input affects the evolution of all error
channels, invalidating the decoupled stability properties and
complicating feasibility analysis.

Motivated by these challenges, we develop a PPC design
for a class of uncertain high-order MIMO nonlinear systems
with input coupling and saturation. To achieve this, we utilize
a filtered tracking error with an added modification term,
that properly alters the error whenever saturation occurs, to
ensure system stability. To overcome the technical difficulties
of extending the results of [20] and [26] to uncertain MIMO
nonlinear systems with coupled inputs, we introduce a new
invariant set formulation and a novel Lyapunov-like function
that jointly handle coupled input dynamics while preserving
the prescribed performance guarantees. These generalizations
render the proposed method both theoretically significant and
practically applicable to complex nonlinear systems.

The main contributions of this work can be summarized
follows:
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e We extend low-complexity PPC designs based on refer-
ence modification [20], [26] to general MIMO nonlinear
systems with input coupling. We overcome the technical
difficulty of applying the analysis of [20] and [26] to
coupled-input systems by introducing a new theoreti-
cal approach to the analysis of prescribed performance
control for MIMO systems with input coupling and
saturation.

e We achieve an O(|Au|) bound for the tracking error, when
saturation occurs, improving the related low-complexity
works [19], [22] for MIMO nonlinear systems with input
coupling and saturation.

e We develop a low-complexity design, i.e. no observers,
neural networks or fuzzy structures and no knowledge of
system parameters are required. Filtering of the tracking
error is utilized, which further decreases the design and
analysis complexity. We provide explicit, closed-form
lower bounds on input saturation levels that highlight
their connection to the performance envelopes, closed-
loop gains, system dynamics and disturbances.

The rest of the letter is organized as follows. Section II
states the problem, modeling assumptions, and performance
objective. Section III presents the controller and the stability
and performance analysis. Section IV provides simulations
validating the theoretical results.

[I. PROBLEM FORMULATION
A. System Dynamics

Consider the r-th order MIMO nonlinear system with m

inputs and m outputs of relative degree {ry,...,r,}, respec-
tively, with dynamics:

d=xt =11,

X' = fi(t, x) + gi(t, x)sat(w),

yizx,-l, i=1,...,m, (D
where x := [x,...,x]]" € R’ denotes the state vector,
with x; := [x/,...,x"]" € R and r := r| + -+ + I,
u = [u,...,u,]" is the unconstrained control input and
y = [xl,...,x)]7 € R™ is the output. The functions

fi : Rf xR - R, g : RT x R — R incorporate
unknown nonlinearities and bounded disturbances, and can
be written as f := [fl(t,x),...,fm(t,x)]T € R" and G :=
lel(t,x)...glt,x)]" € R™™. The control input is subject
to saturation and we denote the saturated control input as
sat(u) := [sat(u;)---sat(u,)]’ € R™, where the saturation
function is defined as:

ui, |M| < u; s
sat(u) == { . 2)
UimaxsgN(y;), otherwise,
with saturation levels u;max > 0, i = 1,...,m. Let the desired

trajectory be ys(¢) 1= [yqa1(), ..., yd,m(t)]T € R™, and define the
reference vector xg;(t) = [yai(®),..., yg”fl)(t)]r € R’i, which
contains the desired trajectory and its first ; — 1 derivatives.
We also make the following assumptions:

Assumption 1: The vector function f and matrix G are
continuous functions with respect to (w.r.t.) time and locally
Lipschitz w.r.t. to x.
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Assumption 2: The vector function f and matrix G are
uniformly bounded w.r.t. time to incorporate the effect of time-
dependent bounded disturbances.

Assumption 3: G(t, x) is a uniformly positive definite matrix
for all (z,x) e Rt x R".

Assumption 4: The reference trajectories y,;(¢),i = 1,...,m,
are known uniformly bounded functions of time with bounded
known derivatives up to order r; — 1. The bounds are not
employed in the controller design.

B. Control Problem Definition

Prescribed performance refers to enforcing the evolution
of the tracking error strictly within a time-varying envelope
that encodes desired transient and steady-state characteristics.
Specifically, let ¢;(#) denote a measurable tracking error, for
each i = 1,...,m. Prescribed performance is achieved if
le;(®)] < pi(t), for all + > 0 and i = 1,...,m, where p;(t) is
a monotonically decreasing performance function of the form:

pit) = (o) = p)e + 7,
with p?, p°, and [; denoting the initial and steady-state
bounds and decay rate, respectively. Such envelope-based error
regulation is closely aligned with frameworks that enforce
coordinated convergence of all error components within pre-
defined time profiles [27], [28].

In the presence of saturation, enforcing classic PPC directly
on the plant often amounts to implicitly letting u; max tend to
infinity, defeating the purpose of constraints [26]. Our goal is
to maintain performance envelopes while acknowledging hard
input limitations. Hence, we aim at designing a continuous
state-feedback control law u that:

1) ensures prescribed performance tracking whenever sat-

uration limits allow,
2) guarantees boundedness of all closed-loop signals,
3) requires no knowledge of the system vector f and matrix
G, and

4) is of low-complexity in the sense that no observers,
or approximation structures such as neural networks or
fuzzy systems are utilized.

0i0s Picos i > 0, 3)

[1l. MAIN RESULTS
A. Control Design

The control design can be divided in the following steps:
Step 1: For each instance i = 1,...,m, consider the filtered
erTors:

ri—1
i d .
(1) = q; é;(t) = — 4 (1), 4
si(2i(0) = q] (1) g(dt+p’) e, @
where &(1) := [¢](1)---&[(D]" = xi(t) = xa,(1), €i(t) := yi(t) -
Yai(t) = [} ---&L]", and q; == [q}.¢%,....q/ "', 1] € R". The
constants p! > 0 are selected so that the polynomial s""" +
qf’_ls”‘2 +---+qis+gq] is Hurwitz, with min|<j<,—1{p!} > ;,
i=1,...,m.

Step 2: Design the modification signal o(f) :=
[o1(®)---om(D)]” to be generated dynamically by:
o (1) = —Bo (1) + Au®), &)
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where 0(0) = 0, B8 > 0 is a design gain and Au(r) :=
[Aui (@) - - - Auy(H)]T = sat(u(t)) — u(t). The signal o(¢) directly
tracks the mismatch between the required and the actual
control effort. When no saturation occurs, Au = 0 and the
signal decays exponentially to zero.

Step 3: Define the normalized error vector & := [&] - --&,]7,

where: @) o
g1y = R TR ©)
pi(D)
where p; are of the form (3), with p? > |5;(2;(0))], for all
i=1,...,m. The control law is then designed as:
ui(t) := =kiT (&), @)

where k; are positive design constants and 7 : (-1,1) - R
is a strictly increasing, continuously differentiable function,
satisfying lim,_,;- T(x) = oo, and lim,_,_;+ T(x) = —oo, e.g.,
T() = In llf(()) The normalized error vector & injects the
modification signal o(¢) into the filtered error, effectively
altering it to render tracking with prescribed performance
feasible under input saturation. The control law can be written
in vector form as:

u(®) := —KT (&), ®)

where K := diag(ki, ..., k,) and T(¢) := [T (&) T(,;rm)]T.

Remark 1: The preceding control design does not use any
a priori knowledge of the system matrices and vectors and
therefore the system dynamics are considered unknown to the
controller.

B. Stability and Performance Analysis

Let us state here a preliminary Lemma:

Lemma 1: [[19]] Consider the vector &;(r) € R™ as well as
the filtered error defined in (4) and the decaying performance
function (3) with [; < mingy_,_i{p}}, i = 1,...m. If
si@())] < pi(t), Yt = O.then for each element &/(1), j =
1,...,r; of the tracking error é;(r) there exist constants é{ >0,
such that:
277 P

ri—=j k’
k=1 Pi

Vi > 0. 9)

E{(t)‘ <& exp(~Lif) +

We are now ready to state the main result of this letter:

Theorem 1: Consider the r-th order MIMO nonlinear system
(1) under Assumptions 1-4. Let the control law (8) be applied.
If, for some constants A; > 0, the input saturation limits
satisfy:

Uimax > max kT(1E0)]) — A;,

IH @, 0l + vV (IROI + Amax)

sup max , (10)
o) 15 uin (G(1,€)
where H(t,lx) = [t x)- - hy(t,x)]7, with kit x) =
Yl gl =y + i x), R@) = diag (oi(0) . .. pu(®)),

Amin(+) denotes the minimum eigenvalue, S := {x € erlé{ @ <
el,¥j = 1,....,ri = 1,...,m} are compact sets with
Ni _j 2771 (05 +(Amax

el ==el + 2 Aol)

i =TI

E , and Apax 1= maxi<j<u Aj, where
k=1 Fi
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élj > 0 depend on initial conditions and the parameters of the
prescribed performance functions, for all i = 1,...,m. Then:
1) All closed-loop signals remain bounded for all 7 > 0.
2) The prescribed performance specifications are satisfied
in the sense that:

. . 2Jj=1 5% 2Jj-1 Au:
Bl <elet 4 =Ly Suﬁ’_ﬁ.‘"k”", (1)
l_[k 1 Pl ﬁl_[k=1
and:
Au;
()] < %'”' (12)

for all >0 and every i = 1,...,m and all ¢ > 0.
Proof: Diﬁerentiating (6), we obtain that:

&= ( 5 —— (hi(t, x) + gi(t, x)sat(u) + Bor;
— Au; = pi(D)E;).
Thus, we can write & = [&] ---&,]” € R™ in vector form as:
E=R1) (H(t, X) + G(1, x)sat(u) + Bor
— Au-— R(z)g). (13)
Let us now define the augmented state vector, &, :=
[ef, - e, & o] e R, where &, := [¢] A
Invoking (1), (4), (5), (8) and (13) we obtain that:
gag =0 (t’fag) (14)

Consider now the set Q = R™™ x (-1, 1)" x R™. The function
® is continuous w.r.t. time and locally Lipschitz w.r.t. &, in Q.
It holds that |£;(0)| < 1, for all i = 1,...,m, by the appropriate
selection of parameters p? in Section III-A. Therefore, &,,(0) €
Q and (14) admits a unique maximal solution &, : [0, fnax) —
Q, with .« € (0, ].

Since T (£;(0)) is bounded by construction, for every selec-
tion of A; > max {0, u;(0)] — tjmax}, i = 1,...,m, there exists
a time subinterval [0, ;) C [0, fhax), With ¢, > 0, such that:

lu: (D] < A + ti max 15)
and therefore:
(o) < S, (16)
Gl < T (“%) =&, (17)
and:

[Aui (D] < A, (18)
for all 1 € [0,%;) and i = 1,...,m. Combining (18) and (5) we
obtain, for all i = 1,...,m, that:

loi()] < 71 := —, Vi€ [0,t,). (19)

Invoking (6), we obtain, for all i = 1,...,m, that 5,(&;(r)) =
pi(&(H)+o (1), which, by virtue of Assumption 4 and Lemma
1, 1mpl1es that IeJ(t)I <e, foraltre[0,1), j=1,...,r; and
i=1,.

Let us now define the set 7 := NZ,7;, where 7; :=

{g e R™T (&) < T*A} for all i = 1,...,m. The next part
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of the proof is dedicated to extracting a feasibility condition
for u;max that will render the set 7 positively invariant and
guarantee that £(0) € 7. To prove the positive invariance, we
distinguish the following cases:

Case 1: If ¢ € intT, then from the definition of 7 we obtain
that:

Uimax + A
T(l& < %
1
for each i = 1,...,m and since T are strictly increasing
functions: LA
_ Uj max i
&l < T (k—) (20)
and as a result (15)-(19) hold, foreachi=1,...,m
Case 2: If £ € OT, let us define:
V(t,€) =Y pit)F; (&), 1)

i=1

where Fi(&) = [, sat(k T(s))ds are positive definite and
radially unbounded functions for all i = 1,...,m. Taking the
derivative of V w.r.t. time, we obtain:

m m

V=Y piosatkTENE+ Y piF;E).  (22)
i=1 i=1
Noting that p; are strictly decreasing, we have that:
V < sat’ (K,T(&) (H(1, x) — G(1, &)sat (K, T(£))
+ Bor = Au— R(1)é), (23)
where sat (K, T(¢)) := [sat (ki T(fl))msat(ka(fm))]T. Since

sgn(Au;) = sgn(k;T (&) and & € J7T, substituting from (19),
(18) and the Rayleigh inequality, we obtain:
V < =Amin (G(1,8)) [Isat (K, T@) [P
+ lIsat (K, TE) | (IH(@ )l + Vm (IRON + Amax)) -
Due to & € 9T, we have that T(|§]) = ”’"‘“X'H\’ for at least
one i € {1,...,m} and therefore, for that i, it holds that

sat(k;T(|€:)) = uimax. Utilizing this and the properties of the
norm, it holds true that:

(24)

lIsat(K, T(E))Il = max [sat(k;T(&;)] = min u;max.
I<i<m 1<i<m

Substituting to (24), we have that:
V < —|lsat (K, T(£)) II(/lmin (G(1,£)) min u; max
1<i<m
—1H @, )l = Vm (1RO + Amax) ) (25)

Therefore, a sufficient condition that guarantees that V is non-
positive on the boundary of 7 is:

lmln Ui max
<i<m
H(t, x)|| + vVm (IR®)] + Amax
> sup max IH @, 0l + Vi (IR + Ama ) 26)
ref0.z5) €S Amin (G(2, 6))

We now proceed to establish a sufficient condition that
guarantees that £(0) € 7, which is equivalent to:

i,max Ai
T (&) < Mimax T A

2 27
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foralli=1,...,m and to:
— Ui max + Ai
&) <1 (T) , (28)
for all i = 1,...,m. As a result the sufficient condition is

Ui max > le (|§,(0)|) - A,’, for all i = 1, e, m.

Therefore, if (10) holds for all i = 1,...,m, then £&0) € T,
and 7 is a positively invariant set. By a contradiction argu-
ment, it follows that 7, = ti,, and &(¢) € T, for all £ € [0, fpax)-
Consequently, we obtain that |£;(#)| < T-! (%) (see (20)
for the interior of 7) and thus |&(7)| € [—Ei,éi] c (-1,
for every i = 1,...,m and all t € [0, f;,). Using standard
arguments, we conclude that #,,x = oo and all closed-loop
signals remain bounded. Finally, since |£;(¢)| < 1, and because
u; is bounded for all ¢ > 0, invoking (6), (5) and Lemma 1 we
conclude the theorem. [ |

Remark 2: The Lyapunov-like function (21) enables the
extension of the stability and performance analysis results of
[26] to the coupled input case, while considering a multi-
dimensional version 7 of the one-dimensional invariant sets
T:. This way O(JAu;]) bounds for the tracking errors are
established, when saturation occurs in dimension i, providing
improved bounds compared to the related low-complexity PPC
work [19].

Remark 3: The feasibility condition presented in Theorem 1
is sufficient for solving the control problem. However, this
feasibility condition is not necessary for solving the afore-
mentioned problem, because the maximum and supremum
operators involved in the Theorem’s formulation are conser-
vative and reflect the worst-case interaction between system
dynamics and the required control input. In practice, a much
lower values for u; .y is likely to be adequate, as stated in [26].

Remark 4: Since the system dynamics are unknown, the
quantities [|H(t, x)|| and Anin(G(#, x)) cannot be determined a
priori. Thus, (10) serves as a structural feasibility charac-
terization rather than a numerically computable expression.
Nevertheless, it explicitly shows that the required saturation
levels u;max grow with [|[H(z, x)|| and ||R(2)||, and decrease with
Amin(G(t, x)). In this way, it clarifies how the prescribed per-
formance specifications, disturbance magnitudes, and system
dynamics determine the minimum necessary control authority.

IV. SIMULATION

To illustrate the performance and robustness of the proposed
control scheme we provide simulation results on a planar
two-link robot manipulator [29], where input saturation is
introduced. The system is modeled in the form (1) with
x = [x},xf,x},x3]" and the following vectors and matrices:

-1
G(t,x): = p1+p2+t 2P3C05x£ P2 +p3cosx£
T P2 + p3cos x} P ,
faxy: =P sinx, x5 = p3sinxy (47 +x3) | [ %]
VT pysinad o 0 2
o |Pagcos x| + psgcos(x] + x) sin(pet)
psgcos(x] + x) cos(pet) |
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Fig. 1. The outputs of the system.
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1 0 | 05 11 15 12 25 | 3 L L L L L
0 10 20 30 40 50 60 70 80 ) 100
t [s]

Fig. 2. The filtered errors.

where the second term of f represents gravity and the third
bounded exogenous disturbances, with g := 9.81 m/s> and
parameter vector:

[p1, P2, P3, P4, Ps, Psl :=[2.9, 0.76, 0.87, 3.04, 0.87, 0.05].

We selected the function T'(-) = lnllf—((")) and the actuator
saturation limits are set as ) max = 38, Uz max = 10.

We adopt performance functions p;(f) as in (3), with A; =
2,p? = 1,p° = 0.01, for all i = 1,2, and employ the control
law (8) with k; = 20, for all i = 1,2, along with the modifier
dynamics (5) with 8 = 1 and filter (4) with g, = 2.5. We
choose initial conditions ¢(0) = ¢(0) = 0, and a reference
y4(®) = [0.55in(0.5¢) 0.5 sin(0.5)]7.

The results are depicted in Figs. 1-4. Prescribed perfor-
mance tracking is achieved under input saturation validating
the results of Theorem 1. From Fig. 2 we can observe that the
prescribed performance envelopes are respected for the filtered
errors. Figs. 1, 3 and 4 illustrate the way the proposed control
scheme works. When the magnitude of the requested control
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Fig. 4. The modification signals.

effort is larger than the saturation level, the modification mech-
anism starts to work, allowing the filtered error to relax, thus
ensuring stability. Once the requested control effort returns
within the saturation levels, the modification signal decays to
zero, and the filter allows tracking in the classical prescribed
performance control sense.
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